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o FAEGEEZ Forward kinematics (FK)
BP0, (THEHT 1T) » K43 {H} & "P

]ﬁT - f(gl, S 9[', —_ 9?’1)

(H}
o FA:#6EEZ Inverse kinematics (IK)

&% {H} & "P- K47 0

f@ffﬂ’g J— f~ (% T)




o 1&3% F % A6 DOFs
o 6 1B K £utyjoint angles (0;5%d; *i=1,..,6)




o 1&3% F % A6 DOFs
o 6 1B K £utyjoint angles (0;5%d; *i=1,..,6)




o 1&3% F % A6 DOFs
o 6 1B K £utyjoint angles (0;5%d; *i=1,..,6)

¢ 124Enonlinear transcendental equations 7 #2 =X,

o OfE R 4odt o 648 FR%| 45 14




o Reachable workspace

o FHITURA U LR EDENME




o Reachable workspace

o FHTUR U LYREDENME
o Dexferous workspace

o FTHITUREMGGZEER ZMNME




o Reachable workspace

o FHTUR UL EIZHME
o Dexferous workspace
o FHITUREMGHLEBIEZNME

o Ex: A RR manipulator
Ifl, > 1,

Reachable workspace




o Reachable workspace

o FHTUR UL EIZHME
o Dexferous workspace
o FHITUREMGHLEBIEZNME

o Ex: A RR manipulator
Ifl, > 1,

Reachable workspace

Dexterous workspace




o Subspace

o FHAXTKRBRANTAH AR S IE
o Ex: A RP manipulator

¢ 2-DOF, Variables: (x,y)




o Subspace

o FHAXTKRBRANTAH AR S IE
o Ex: A RP manipulator

¢ 2-DOF, Variables: (x,y)




o B &Znonlinear transcendental equations » 6 k4o # b6 F A AR K E
A g — AR




¢ B H & nonlinear transcendental equations » 6 k20 # 6 F AR K E
A E— R
o T Wjoint#L B Fulink - B A7 ik £

Ex: A RRRRRR manipulator

a;

A =az3=ag =10

az; =ag =0

a3=0
Alla; # 0




o Ex: PUMA (6 rotational joints)

o H¥HEHE AR > 84F
o AT3EHE A LAER AR

ho £ 1B P T




o Ex: PUMA (6 rotational joints)

o ST T IAFE > 84057
o A 3ph B R LFEE G
ko 45 B AT
o B—REAREY  BA2BFHEDY

6, + 180




o Ex: PUMA (6 rotational joints)

o H¥HEHE AR > 84F
o AT3EHE A LAER AR

ho £ 1B P T

=
B
%

6, =80, +180°
Gé - —95
0. =6, + 180°

EFHERG A EAARE > EIE
— & AR VT LAEAE
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o A% Closed-form solutions

L= 3] - ~ ‘-"’\". ”J}:"‘I" x — | N g :
o M 41X 2talgebraic 2X % {g7geometric F k&




o A% Closed-form solutions

o A X Ztalgebraic 3% % 1Tgeometric F ik
o 248 & Numerical solutions




o A% Closed-form solutions
o M /X Zralgebraic 2 £ {7geometric F &
o 248 & Numerical solutions

Q0 BAT K S BMAFH R R B A BT AR

o Pieper's solution: 48 #F = #h48 X — 2k




a |k problem: given (x,y,¢), (64,60,,05) =?

¢ Forward kinematics

(€123 —S123 0.0 licq +1xcq5]
S123 €123 0.0 [ys; + 1384,
0.0 0.0 1.0 0.0

L 0 0 0 1




a |k problem: given (x,y,¢), (64,60,,05) =?

¢ Forward kinematics

(€123 —S123 0.0 licq +1xcq5]
S123 €123 0.0 [ys; + 1384,
0.0 0.0 1.0 0.0

L 0 0 0 1

¢ (oal point

"ty —S 00U X
S € 00 'y

0.0 0.0 1.0 0.0
L0 0 0 L 4




B: RRRUUMES

Q Akt E % ] Bda b B Ay T A A

x2+y2 =12 +12 —2l,1,c0s(180° — 6,)

x2+y?—12-15
s =




B: RRRUUMES

Q Akt E % ] Bda b B Ay T A A

x2+y2 =12 +12 —2l,1,c0s(180° — 6,)

_w Ryt =iy =
= 21515

BT
I3 - (*+yH)-1f

—2l14/x?% + y?

=AErRs 0 <y < 180°

C

cosy =




Q Akt E % ] Bda b B Ay T A A

x2+y2 =12 +12 —2l,1,c0s(180° — 6,)

_w Ryt =iy =
= 2111,

BT
I3 - (*+yH)-1f

—2L 2% + y2

=AErRs 0 <y < 180°

C

cosy =

_Natan2(y,x)+¢¥ 6, <0’

o

b atan2(y,x)—¢y 6, >0

63 = ¢ —6;, -0,




2 - (2 +y%) -

=21/ x% + y?

cosy =

Y = 19.4°
6, = atan2(y,x) — ¢
6, = 39.6°

= ¢ — 01 —0;
= —70.2°




a In-Video Quiz: 4t E — B fL L » K135 —4@
(91: 92) 93) éﬁﬁz‘?‘




o In-Video Quiz: 4+¥f B — AL #% Fu 2
(84, 60,,03) & 5%




X = llcl + 12612

y =115, + 13515

C123

5123
0.0

L 0
Co
S¢
0.0
L (

Co
0.0

RRRUEE

—S123
C123

0.0
0

0

0.0

0.0

1.0
0

—ng 0.0
0.0
1.0 0.0

lic1 + lycq5]
151 + 13812
0.0
1




o Iy FERX

Cp = C123

S¢p = S123
X = llcl -+ 12612

y =115, + 13515

0%%3-92

C123

5123
0.0

L 0

6

S¢
0.0

- 0

Co
0.0

—S123
C123

0.0
0

0

0.0

0.0

1.0
0

—ng 0.0
0.0
1.0 0.0

lic1 + lycq5]
151 + 13812
0.0
1

xz + y2 — 112 T 122 3 211[26’2

.
e A

_x2+y2—112—122

2[1[2

> 1 or < 1: too far for the manipulator to reach

—1< < 1: "two solutions”

Bs = 665 ()




B: RRRUUMES

o BREW O, BAFTER

x =lic; + 1015 = (I +1y03)c; + (—1385,)81 £ ko — kysy

y =181+ 1351, = (4 +1xc2)s1 + (U252)c1 £ kysy + kaeq




f5l: RRRUVIEE
o FRFE 0, PAFTREK

x =lic; + 1015 = (I +1y03)c; + (—1385,)81 £ ko — kysy

y =181+ 1351, = (4 +1xc2)s1 + (U252)c1 £ kysy + kaeq

o BHGBH

define

T:+Jk12+k22

y —_ Atanz (kz, kl)




f: RRRMEE
o ERIFE 0, BAFTENX
x =lic; + 1015 = (I +1y03)c; + (—1385,)81 £ ko — kysy
y =181+ 1351, = (4 +1xc2)s1 + (U252)c1 £ kysy + kaeq

o BHGBH

define

r=+Jk12+k22 ky =1cosy

v = Atan2(k,, ki) k, =rsiny

And then

X
= cosycosby —sinysinf, = cos(y + 6,)

= cosysinf4 + siny cos6; = sin(y + 6,)




B: RRRUUMES

0%3‘-91

s
y + 6; = Atan2 G—};) = Atan2(y, x)

6, = Atan2(y, x) — Atan2(k;, k)

HO BRI - c2FIs2 B - k, Mk, B - 0, NREBH




B: RRRUUMES

y X
y + 6; = Atan2 (;,;) = Atan2(y, x)

* 0, = Atan2(y,x) — Atan2(k,, k,)
20, EAREE - 2Ms2EE) - k, Mk, 25 - 0, TIREZE]
L 4 ﬁglj'— 93

6, + 0, + 05 = Atan2(sy, cp) = ¢

) =066,
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o Ex: 4ufT5K4F acosO + bsin@ =c & 6 ?




o Ex: 4ufT5K4F acosO + bsin@ =c & 6 ?

o Fik ¢ 3P| polynomials (LS LA A A AE)
&) 1 —gy?

tan (—) = i cosld = sin@ =

2 1+ u?’ 1+ u?




o Ex: 4ufT5K4F acosO + bsin@ =c & 6 ?

o Fik . 83 F|polynomials (LY LATF A MRAFAE)

LA 9—1_u2 ing =
an 2 =Uu, COS —1+u2, Sin —1+u2
o THR:

acos@ + bsinf = c

(a+c)u*-2bu+(c—a)=0

b+ Vbh? 4+ a? — 2
= a, b, KINABFREI, A—7F
a+c




o Ex: 4ufT5K4F acosO + bsin@ =c & 6 ?

o Fik . 83 F|polynomials (LY LATF A MRAFAE)

LA 9—1_u2 ing =
an 2 =Uu, COS —1+u2, Sin —1+u2
o THR:

acos@ + bsinf = c

(a+c)u*-2bu+(c—a)=0

b+ Vbh? 4+ a? — 2
U= a, b, KINNBPREI, A—EBHEE
a+c

b+ Vb2 + a2 — c?
a+c

= Ztad ™ ( a+c+0

6 = 180° EwESy




0 #6-DOF manipulator &7 = 183% 4% 64 b X
fe B — % > R FH A AT AR




0 #6-DOF manipulator &7 = 183% 4% 64 b X
fe Bl — B 0 QI F 5 A AT AR
0 —f& > B = e stk

RCEXURY Y230

o BR=%h: EARY




% 6-DOF manipulator B4 =18 i& 4§ &4 3 X
f Bl — B 0 AT A AT AR

— & FIBAR = B BhKE

o AI=%h: EARH

o B4 EAWE

Ex: A RRRRRR manipulator

o iR =dhx — %

0 0
Psore = "Paore
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—SQL' 0 aj_1
cOicai_q —Saj—q4 —SAi_1d;
cOisa;_; caj_q caj_1d;

0 0 i |

cos 6; = c0;
sin @; = s0;




)) 1941 2 4.

itute of Technology

0 Aj—1
—SQi—1  —SQi_1d;
Caj—y  CQj_1d,

0 1

Co50;=c8; =
sin 8; = s0;




[ Cgi —SQL' 0 aj—1 ]

sB;ca;j_q cOicai_q —SAj_q4 —SAi_1d;

sOisa;_, cOisa;_q  cay_4 ca;_1d;
0 0 i |

cos 6; = c0;
sin @; = s0;

[f1(03)]
_ o1 | f2(03)

2l e 6y)
T

d4ca3
i |

L column of 3T




0 Aj—1
—S®i—1  —Si-1d;
Caj_y  Caj_1d;

0 il |

cos6; =cl; = c;
sinf@; =s0; = s;

[f1(03)]
_ o1 | f2(03)

2l e 6y)
T

d4ca3
L,
L column of 3T

E%E_.:Ql, 92, 93@%%% ! f%93@|§§[

f1(63) = azc3 + dysazs; + a,

[>(03) = azca,s; —daSazca,c3 — disa,ca; — d;sa,
f3(03) = azsa,S3 — dysazsa,c; +dyica,cas + dicay

50




91(02,603)]  [€191 — 5192
= OT1T f2(63) 92(0,,03) 5191 T €192
f3(63) 93(02,63) 93
. ! 1 I L I

g%f.gl, 92, 93%%%% ; g’?r%gz, 93 @%ﬂ
91(02,03) = c3f1 —s2f2 + a4
g2(03,03) = sycaqf; + cpcaqfy —sagfz — dysay

9g3(62,03) = spsaqfy + casasf, +cayfz +dyecay




(91(02,03)] [€191 — 5192]
= OT1T f2(63) 92(0,,03) 5191 T €192
f3(63) g3(02, 63) g3

b & } PR A | 1
20,,0,, ;B DEE - g&0,, 0,KE]

91(02,03) = cof1 —s2f2 + a4

92(03,03) = sycaq fi + ccaqfy — sagfz —dysay
g3(02,03) = sasaqfi + casaqfo + cagfs + daycay

r=x%+y?+z%>=g%+ g3 + g2 riE7R0,, 05K 8]
=fE+ [+ +af+d3+2dyf3 +2a.(c2f1 — S2/2)
(k]_Cz + k232)2a1 + kg

k1(03) = f1
k,(03) = —f,
k3(03) = fi + £ + £ +af +d5 +2d,f3




Z = {3 = (klsz - szZ)Sal o k4 Z}[%’_;%sz lexlEQ

k1(93) =fi
k,(03) = —f>
k4(03) = f3caq + dyca,




Z = {3 = (klsz - szZ)Sal o k4 Z}[%’_;%sz lexlEQ

k1(93) = fi
k2(03) = — /2
o Bor Pz —RFF k,(03) = facay, + dycay

¥ (klcz + szz)zal -+ kg
z = (

kis, — kycy)say + k,




Z = {3 = (klsz - szZ)Sal o k4 Z}[%’_;%sz lexlEQ

k1(93) = fi
k2(03) = — /2
o Bor Pz —RFF k,(03) = facay, + dycay

/ (klcz -F szz)zal + kg
a=

kis, — kycy)say + k,

o fa;=0,17=k3(03) =f+ fF + £ +af +d5 +2d,f3




Z = {3 = (klsz - szZ)Sal o k4 Z}[%’?%sz 93@%&

k1(93) = fi
k2(03) = — /2
o Bor Pz —RFF k,(03) = facay, + dycay

/ (klcz -F szz)zal + kg
a=

kis, — kycy)say + k,

o fa;=0,17=k3(03) =f+ fF + £ +af +d5 +2d,f3

o If S = 0, Z = k4(93) — fgca'l + dzcal




Z = {3 = (klsz - szZ)Sal o k4 Z}[%’?%sz 93@%&

ki(03) = f1
k2(03) = —f2
e TRz —REE k,(65) = frcay + dycay

= (kicy + kys;)2aq + kg3
= (kyS; — kpcp)say + ky

o fa;=0,17=k3(03) =f+ fF + £ +af +d5 +2d,f3

o If S = 0, Z = k4(93) — fgca'l + dzcal

o Else
7 — 3)2 (Z . kz;_-)z
4aj s?a,

= k2 + k2




Z = {3 = (klsz - szZ)Sal o k4 Z}[%’?%sz 93@%&

ki(03) = f1
_ k2(03) = —f2
e TRz —REE k,(65) = frcay + dycay

= (kicz + k252)2a4 + k3

= (k1s; — kycp)sa; + ky
e |F a; = 0, r = k3(93) = flz +f22 +f32 + a% B d% + Zdzfg
o If S = 0, Z = k4(93) — fgca'l + dzcal

o Else
7 — 3)2 (Z . kz;_-)z
4aj s?a,

= k2 + k2

Solve ¢, of all three cases by using "u = tan ()"




(kicy + kys,)2a, + k3 to solve 6,

€191(6;,03) — 5192(6,03) to solve 0,




Using v = (kicy + ky85)2a, + k3 to solve 6,

Using x = ¢191(02,03) — 519,(6,,03) to solve 0,

o Orientation

¢ 91, 92, 93 g, %o

eR =3R71¢R

e UL Z-Y-Z Euler angle K& 0,, 0O-,




a Joinfs 4-6, DH definition




a Joinfs 4-6, DH definition













. L-Y-Z Euler Angles




. L-Y-Z Euler Angles







Q




- Z-Y-Z{6} 1 &M







0 BRIEEAEFR - A1ERRRRRRFH AE A T B £ /8 Rk fEH T (4
FraAe 4520 ) o FA 89648joint anglesE A7




Bll: PHMEYESS

a Step 1: & #&DH Table

B P B RS 0 AR RE

Unit: mm




Bll: PHMEYESS

o Step 2 A CT > Bi—Fak T

-

Cup frame

7.
I/

World frame Desk frame




Bll: PHMEYESS

o Step 2 A CT > Bi—Fak T

WT = 9T2T =

1 0 0 830]
0 1 0 20

0 0 1 330
a9 o 4.

'cos 35°
gin 35°
0

0

—sin 35°
o 35°
0
0

0
0
il
0

—280]
250
G5

1

H"SFHEERFE, A "HMAHRERE S, WHEERERES

-

World frame

Cup frame

B
Y07

Desk frame




YR
i
=
=
i
8
=




05736 0.8192 381.3]

—0.8192 05736 1514
0 0 19.5
0 0 )




05736 0.8192 381.3]

—0.8192 05736 1514
0 0 19.5
0 0 )

0 05736 0.8192]

oR =[0 —0.8192 0.5736
il 0 0

381.3
OPG ORGC — [1518‘
19.5




a Si‘ep 3 &Liﬂjgl _96
L 4 91 62 93 ﬁ E{)ﬁﬁg

f1(63)]
| =¥ o
s Bl

-C3 _53 3 0- [ j _34‘0 — 33853 B 4‘063_

S3 (3 338c3 — 4055
0 0 0
L0 0 il I 1L 1




a Si‘ep 3 &Liﬂjgl _96
L 4 91 92 93 % E{)ﬁﬁg

f1(63)]
| =¥ o
s Bl

(C3 —S3

0 3401 1 [340 — 338s; —40c;]
s3 ¢3 0 338c3 — 4055

0 S | 0
L0 0 O 1

[91(02,03)]
92 (921 93)

g3(65,05)
i 1 |
(€2 —S» I 340c, — 40cy3 — 338555 — 30]

0 0 0
_Sz _Cz 4‘0523 — 338023 e 34‘052
L 0 0 _ _ 1




Gl: SDREEESS

r = (klcz + k252)2a1 + kg — ||PI|2 - 16881318
Z = (k]_Sz = szz)Sal + k4 = 195




Gl: SDREEESS

r = (klcz + k252)2a1 + kg — ||PI|2 - 16881318
Z = (k]_Sz = szz)Sal + k4 = 195

50,0, 057 5

(r—k3)? 3. (2—Ra) =
4a? sZa;

ki+ k3 =5 solve s = 2.5°




Gl: SDREEESS

r = (k1C2 ~+ k282)2a1 + kg — ||PI|2 — 16881318
Z = (k]_Sz = szz)Sal e o k4 — 195

S H0, 0,0,

(r—ks3)? 2. (z—k4)? 2
4a? sZa;

r = (kic, + ky8,)2a, + k4 = solve 0,
= €191(02,03) — 5192(62, 63) = solve 0,

k% + k2 = solve 0,




Gl: SDREEESS

L 4 94 95 96 % E{-’-}iﬁi

OR=| 024 02830 0.9286
0.7627 —0.6468 0

0.7627 0.1477 0.6297]

0.6006 0.7082 —0.3710]

ER =9R 1R =1-0.6468 0.1744 0.7424

0 —0.9735 0.2286
{# i Z-Y-Z Euler angle K4F %] TF #Yjoint angles
G% — _200 63 — _420 66 — 150






